Abstract. The Hard Lefschetz theorem is known to hold for the intersection cohomology of the toric variety associated to a rational convex polytope. One can construct the intersection cohomology combinatorially from the polytope, hence it is well defined even for nonrational polytopes when there is no variety associated to it. We prove the Hard Lefschetz theorem for the intersection cohomology of a general polytope.
Introduction
If P is a simple convex n-dimensional polytope in R n , define
where f i is the number of i-dimensional faces of P . Then knowing the numbers h k is equivalent to knowing the numbers f i . The following conditions are known to hold for the numbers h k :
1. Dehn-Somerville equations: h i = h n−i . 2. Unimodality:
To prove the unimodality condition (in fact the more general McMullen's conjecture), R. Stanley in [4] constructed a toric variety X P so that h i are the even Betti numbers of the (singular) cohomology of X P . Both conditions then follow from the Poincaré duality and the Hard Lefschetz theorem for X P . Later in [5] Stanley generalized the definition of the h-vector to an arbitrary polytope P in such a way that if the polytope is rational the numbers h i are the intersection cohomology Betti numbers of the associated toric variety. He also proved that the Dehn-Somerville equations hold for the generalized vector h. If the polytope P is rational, the unimodality condition follows from the Hard Lefschetz theorem in intersection cohomology of the associated toric variety. The goal of this paper is to prove the Hard Lefschetz theorem for a general polytope. Our proof is based on the description of the intersection cohomology of a fan (e.g., the normal fan of a polytope) given in [1, 2] . When the fan is simplicial, the torus-equivariant cohomology of the corresponding toric variety can be identified with the conewise polynomial functions on the fan. This set is naturally a module over the algebra A of global polynomial functions. Taking the quotient by the ideal I ⊂ A generated by global linear functions gives us the non-equivariant intersection cohomology. In order to generalize this, one views the conewise polynomial functions as global sections of a sheaf on the fan with respect to a certain topology. On a general fan Σ one defines the intersection cohomology sheaf L Σ ; the equivariant intersection cohomology of the fan Σ is then the A-module of global sections of this sheaf. Taking the quotient by the ideal I, we obtain the non-equivariant intersection cohomology IH(Σ) of the fan Σ. If the fan Σ is projective, there exists a conewise linear strictly convex function l on Σ. Multiplication with this function defines a degree 2 homomorphism of the sheaf L (we assume that linear functions have degree 2), and it also induces a degree 2 map of IH(Σ).
Theorem 0.1 (Hard Lefschetz). Let Σ be a projective fan of dimension n and let l be a conewise linear strictly convex function on Σ. Then multiplication with l defines a Lefschetz operation on IH(Σ). That means
The theorem is known for simplicial projective fans and for rational projective fans (a fan of cones in R n is rational if every cone is generated by a set of vectors with rational coordinates). V. Timorin [6] recently proved the Hard Lefschetz theorem for projective fans in which all cones of dimension less than n are simplicial. We will assume the simplicial case to prove the theorem in general.
The idea of the proof is as follows. Any fan Σ can be made simplicial by a finite sequence of star subdivisions. Thus it suffices to prove that if s :Σ → Σ is a star subdivision of a projective fan Σ and if the Hard Lefschetz theorem holds forΣ then it holds for Σ. By the Decomposition Theorem [1, 2] one has a direct sum decomposition of sheaves of A-modules:
for some K. Taking the quotient of the module of global sections by the ideal I we get
By assumption, any conewise linear strictly convex functionl onΣ induces a Lefschetz operation on IH(Σ). We show that K andl can be chosen so that (i) multiplication witĥ l defines a Lefschetz operation on K(Σ) in appropriate degrees, hence it also induces a Lefschetz operation on the quotient IH(Σ) ≃ IH(Σ)/K(Σ); and (ii) on this quotient the two maps l andl are the same.
Intersection cohomology of fans
We start by recalling the definition of the intersection cohomology of a fan [1, 2] . Let V be a real vector space of dimension n. We denote by A the algebra of polynomial functions on V : A = SymV * graded so that linear functions have degree 2. The ideal generated by linear functions in A is denoted by I, and the quotient of an A-module M by the submodule IM is denoted by M .
A polyhedral cone σ in V is a cone generated by a finite set of vectors v 1 , . . . v N ∈ V :
We only consider pointed cones, which means that {0} is the largest sub-vector space in a cone. Given a cone σ ⊂ V and a linear function f on V such that f takes non-negative values on σ, the cone τ = σ ∩ ker f is called a face of σ. We denote this relation by τ ≺ σ.
A fan Σ is a finite collection of cones in V satisfying the following conditions:
1. If σ ∈ Σ and τ ≺ σ then τ ∈ Σ.
2. If σ 1 , σ 2 ∈ Σ then the intersection σ 1 ∩ σ 2 is a face of both σ 1 and σ 2 .
Examples of fans include the fan [σ] consisting of all faces of a cone σ, and the fan ∂σ = [σ] − {σ}. Given a cone σ ∈ Σ we define
Then Star Σ (σ) and Link Σ (σ) are subfans of Σ.
The support of a fan Σ is |Σ| = ∪ σ∈Σ σ. A fan is complete if its support is V . A cone σ is called simplicial if it can be generated by dim σ vectors. A fan is simplicial if all its cones are simplicial.
We define the topology on a fan Σ so that open sets are the subfans of Σ, and consider sheaves of R-vector spaces on Σ with respect to this topology. To give a sheaf F on Σ, it suffices to specify for each cone σ ∈ Σ the stalk F σ = F ([σ]) and the restriction map
The structure sheaf A Σ is defined by setting A Σ,σ = Sym(Span σ) * , the space of polynomial functions on σ; the restriction map A Σ,σ → A Σ (∂σ) is defined by restriction of functions. Then A Σ is a sheaf of algebras, naturally graded by degree (again, conewise linear functions have degree 2). Multiplication with elements of A gives A Σ the structure of an A-module.
An equivariant intersection cohomology sheaf L Σ of Σ is a sheaf of A Σ -modules satisfying the following properties for every cone σ ∈ Σ:
1. L Σ,σ is a free A Σ,σ -module. 2. Modulo the ideal I the restriction map induces an isomorphism
Note that the second property of an equivariant intersection cohomology sheaf implies that L Σ is flabby: the restriction map L Σ (U) → L Σ (V ) is surjective for any open sets V ⊂ U ⊂ Σ. Equivariant intersection cohomology sheaves exist for any fan Σ, and any two of them are isomorphic, hence we may call a sheaf of A Σ -modules satisfying the two properties the equivariant intersection cohomology sheaf. One can construct the sheaf L Σ by induction on the dimension of cones as follows: assume that L Σ is defined on ∂σ, and put
with the obvious restriction maps. (Note! All tensor products are taken over R unless specified otherwise.)
From this construction it is clear that if ∆ ⊂ Σ is a subfan, then L ∆ = L Σ | ∆ . To simplify notation, we will often omit the subscript Σ and call the equivariant intersection cohomology sheaf simply L. For example, the stalk L σ for a cone σ is defined up to isomorphism independent of the fan containing σ. We use similar omition of the subscript for the structure sheaf A Σ . Then A σ is the algebra of polynomial functions on σ.
The (non-equivariant) intersection cohomology of a fan Σ is defined to be the A-module of global sections of the equivariant intersection cohomology sheaf modulo the ideal I:
Since the equivariant intersection cohomology sheaf is a graded A-module and I is a graded ideal, IH(Σ) inherits a natural grading. Although one can define the intersection cohomology for an arbitrary fan, we are mostly interested in the case when the fan Σ is complete. For a complete fan the following properties are proved in [1, 2] :
1. L(Σ) is a finitely generated free A module, with generators in even degrees between 0 and 2n. 2. The degree 0 part of IH(Σ) has dimension 1. 3. IH(Σ) satisfies the Poincaré duality:
Projective Fans and Lefschetz Operations
A function l : |Σ| → R is called Σ-linear if l restricts to a linear function on each cone σ ∈ Σ. For a cone σ ∈ Σ of dimension n let l σ ∈ A be the linear function such that We note that if f ∈ A is any linear function then l is strictly convex if and only if l + f is strictly convex. As a useful example, consider a cone σ in a complete fan Σ. Assume that there exists a Σ-linear strictly convex function l such that l vanishes on σ. Let π : V → V / Span σ be the quotient map. Then π maps Link Σ (σ) to a complete fan in V / Span σ. Moreover, the function l Link(σ) on V / Span σ such that l = π * (l Link(σ) ) when restricted to |Star Σ (σ)| is π(Link Σ (σ))-linear and strictly convex.
Given a fan Σ, multiplication with a Σ-linear function l defines a degree 2 morphism
hence also a morphism of global sections and a morphism of the intersection cohomology. The goal of this paper is to prove that if l is strictly convex then this map is a Lefschetz operation centered at degree n.
Definition 2.2. Let H be a finite dimensional graded vector space and l : H → H a degree 2 linear map.We say that l is a Lefschetz operation centered at degree k if
If l : H → H is a Lefschetz operation centered at degree k, we define the primitive part of H with respect to l:
is a graded basis of P H, one can construct a basis of H of the form
Another way to view a Lefschetz operation is to extend it to an action of the Lie group sl 2 on the (complexified) vector space H (see [3] ).
The following three lemmas show how to construct new Lefschetz operations from given ones. The proofs are left as an easy exercise for the reader. Lemma 2.3. Let l : H → H be a Lefschetz operation centered at degree k and let l ′ :
Lemma 2.4. Let l : H → H be a Lefschetz operation centered at degree k. Then the restriction
is a Lefschetz operation centered at degree k + 1.
Lemma 2.5. Let l : H → H be a Lefschetz operation centered at degree k, and let G ⊂ H be a graded subspace such that l maps G to G and induces a Lefschetz operation on G centered at degree k. Then l induces a Lefschetz operation
centered at degree k.
Conewise linear isomorphisms
Definition 3.1. Let Σ be a fan in V and ∆ a fan in W . A conewise linear isomorphism is a homeomorphism φ : |Σ| → |∆| such that φ maps every cone σ ∈ Σ linearly onto some cone δ ∈ ∆.
Note that a conewise linear isomorphism induces a homeomorphism of the fans Σ → ∆. We use the same letter φ to denote this map. The inverse of a conewise linear isomorphism is again a conewise linear isomorphism.
Let φ : Σ → ∆ be a conewise linear isomorphism, and consider the sheaf φ * A Σ on ∆. We have the morphism of sheaves of rings
given by composition with φ. On each cone δ ∈ ∆ this map is an isomorphism, hence the two sheaves are isomorphic (as graded sheaves of R-algebras).
The push-forward φ * L Σ is a φ * A Σ -module, hence also a A ∆ -module. Now we have:
Proof. We consider the restrictions of these sheaves to the subfan [δ] for some δ ∈ ∆. Then we may assume that φ : V → W is a linear isomorphism of vector spaces, and the claim is clear.
A conewise linear isomorphism φ : Σ → ∆ induces an isomorphism of graded vector spaces of global sections L(Σ) ≃ L(∆); we can even view this as an isomorphism of A(Σ) ≃ A(∆) modules. However, in case when W = V , the two spaces of global sections may be different as A-modules. The computation below gives an example of this. Nevertheless, we have: Lemma 3.3. Let φ : Σ → ∆ be a conewise linear isomorphism between two fans in V . Assume that Σ (hence also ∆) satisfies the following combinatorial conditions:
2. The boundary of Σ is a homology n − 1-manifold (the boundary of Σ is the union of all n − 1-dimensional cones in Σ that lie in only one n-dimensional cone).
Then there exists an isomorphism of A-modules

L(Σ) ≃ L(∆).
Proof. It is proved in [1] that the set of global sections L(Σ) on a fan Σ satisfying the two conditions is a free A-module. Now we have a graded vector space isomorphism between finitely generated free A-modules L(Σ) and L(∆), hence the two must be isomorphic as A-modules.
In the following sections we will be considering two fans Σ and ∆ satisfying the conditions of the previous lemma. We also have a ∆-linear function l ∆ : |∆| → R. By the two lemmas above, we may replace the fan ∆ with the fan Σ, but then we also have to replace the function l ∆ with the composition l ∆ • φ.
Let us now assume the Hard Lefschetz theorem for fans of dimension less than n. Using the conewise linear isomorphisms we can make the construction of the sheaf L more explicit. Let σ ∈ Σ be a cone. By restricting to the span of σ if necessary, we assume that σ ⊂ V has dimension n. We choose a vector v in the interior of σ and a subspace
be the projection from Rv. Then π defines a conewise linear isomorphism between ∂σ and its image in V ′ . Hence we have an isomorphism
which can be seen to be an isomorphism of A ′ -modules, where A ′ = Sym(V ′ ) * . However, the two are not isomorphic as A-modules. We choose a linear function x ∈ A such that x(v) < 0. Also let ψ : π(∂σ) → ∂σ be the conewise linear isomorphism which is the inverse of π| ∂σ . Then we have A = A ′ [x] and via the isomorphism above, x acts on L(π(∂σ)) by multiplication with x • ψ. Now x • ψ is a strictly convex function on π(∂σ), hence it defines a Lefschetz operation on L(π(∂σ)). Summarizing, we have
where HP is the primitive part of the intersection cohomology. Now, to define L σ , we choose a basis for the primitive cohomology HP (π(∂σ)) and take one generator for each basis element.
The Künneth theorem
We consider fans Σ in V and ∆ in W , and their product fan Σ × ∆ in V × W . Let π 1 : V × W → V and π 2 : V × W → W be the two projections, inducing the maps of fans π 1 : Σ × ∆ → Σ and π 2 : Σ × ∆ → ∆. Then it is easy to see that
Indeed, there is a natural morphism π
2 A ∆ → A Σ×∆ defined by pull-back of functions. On each cone σ×δ ∈ Σ×∆ this map is an isomorphism A σ ⊗A δ ∼ → A σ×δ , hence it is an isomorphism of sheaves. Using this isomorphism, we can view π
Proof. We prove both statements by induction on the dimension of the fan Σ × ∆, the case where either Σ or ∆ has dimension 0 being trivial. Let us denote A = SymV * and B = SymW * .
We start by proving the second statement, assuming the first. UsingČech cohomology, we can express L(Σ) as the kernel of an A-linear map
and similarly for L(∆). Tensoring these two sequences over R gives a sequence with zeroth cohomology equal to the A ⊗ B-module L(Σ) ⊗ L(∆). Consider the first two terms in this sequence:
Applying the assumption, we can write this as σ∈Σ,δ∈∆
Now one can easily check that the kernel of this map is L(Σ × ∆).
Next we prove the first statement of the theorem, assuming the theorem for fans of smaller dimension. We have to show that L σ×δ ≃ L σ ⊗ L δ for two cones σ ∈ Σ and δ ∈ ∆. Restricting to a subspace if necessary, we may assume that V = Span σ and W = Span δ. Since L σ is a free A-module and L δ is a free B-module, the tensor product L σ ⊗ L δ is a free A ⊗ B-module. We only have to check the second condition in the definition of the sheaf L, and for this we have to show that the restriction map
From the formula
we get an exact sequence of A ⊗ B-modules
where the second and third maps are defined by restrictions with appropriate signs, and the third map is surjective by the flabbiness of L. Applying the induction assumption, we can write this sequence as
Assuming for a moment that this sequence remains exact after tensoring with the A ⊗ Bmodule R, and using that L σ ≃ L(∂σ) and L δ ≃ L(∂δ), we get an exact sequence
such that the third map is plus/minus the identity on each summand. Then the kernel is:
and one can check that the restriction map from L σ ⊗ L δ to it is an isomorphism. It remains to prove that tensoring with R keeps the sequence above exact. We show that the map
is an isomorphism. For any cone τ , let K τ be the kernel of the restriction map L τ → L(∂τ ). It is proved in [1] that K τ is a free A τ -module. Hence the sequence
is a free resolution of the A τ -module L(∂τ ). Also, the induced map K τ → L τ is zero because L τ ≃ L(∂τ ). Using such resolutions, the map of the Tor A⊗B 1 can be expressed as the identity map
Proof of the Hard Lefschetz theorem
Now we are ready to prove the Hard Lefschetz theorem. We assume that the theorem holds for all projective fans of dimension less than n and for all projective simplicial fans of dimension n. From this we deduce that it holds for all projective fans of dimension n.
Let Σ be a fan, and σ ∈ Σ a cone such that every cone in Star Σ (σ) can be expressed as a product σ × τ for some τ ∈ Link Σ (σ). If v ∈ V is a vector in the relative interior of σ, we define the star subdivision of Σ at R ≥0 v as the fan
Note that R ≥0 v × η ⊂ σ and R ≥0 v × η × τ ⊂ σ × τ , thusΣ is a fan in V . We list several facts about star subdivisions, all of which are easy to check:
1. The star subdivision has the same support as the original fan Σ. It defines a continuous map of fans s :Σ → Σ by sending a cone δ ∈Σ to the smallest cone in Σ containing δ. 2. If Σ is projective, so is the star subdivision. In fact, given a strictly convex Σ-linear function l on Σ, one can construct a strictly convexΣ-linear function by adding to l a function supported on | Star Σ (σ)|. 3. Choosing a vector v σ in the interior of σ for every cone σ ∈ Σ, one can perform a sequence of star subdivisions at all R ≥0 v σ , starting with the maximal cones, and continuing by decreasing induction on the dimension of the cones. The resulting fan is simplicial. It is often called a barycentric subdivision of Σ.
Let Σ be a projective fan in V and l : V → R a strictly convex Σ-linear function. Let Σ be the star subdivision of Σ at R ≥0 v for a vector v lying in the relative interior of some σ ∈ Σ, and choose a strictly convexΣ-linear functionl such that l −l is supported on | Star Σ (σ)|. By the Decomposition Theorem [1, 2] one can embed L Σ as a direct summand in s * (LΣ):
We will prove that the splitting can be chosen so that the following two conditions are satisfied:
1. Multiplication withl maps K to K and induces a Lefschetz operation centered at degree n on K(Σ). 2. Multiplication with l −l maps L Σ to K.
We claim that these conditions are sufficient to prove the Hard Lefschetz theorem. Indeed, assuming thatl induces a Lefschetz operation on IH(Σ) centered at degree n, these conditions imply that l induces a Lefschetz operation on IH(Σ) centered at degree n: the first condition together with Lemma 2.5 implies thatl induces a Lefschetz operation on IH(Σ)/K(Σ) ≃ IH(Σ) centered at degree n, and from the second condition we get that l andl coincide on this quotient. Now since any fan can be made simplicial by a finite sequence of star subdivisions, this proves the Hard Lefschetz theorem for all projective fans of dimension n.
Note that we may add a global linear function to both l andl: if a splitting s * (LΣ) ≃ L Σ ⊕ K satisfies the two conditions for this case, it also satisfies them for the original l andl. Thus, we may assume that l vanishes on σ. We divide the proof into three cases.
5.1. Case 1. Assume that σ ∈ Σ is a cone of dimension n. Let π : V → V /Rv be the quotient map, and A ′ = Sym(V /Rv) * . Let us also choose a linear function x ∈ A such that x(v) = −l(v) < 0. In Section 3 we constructed a conewise linear isomorphism ψ : π(∂σ) → ∂σ inducing an isomorphism of A ′ -modules L(π(∂σ)) ≃ L(∂σ). Via this isomorphism the linear function x acts by multiplication with a π(∂σ)-linear strictly convex function l ∂σ = x • ψ, hence it induces a Lefschetz operation on IH(π(∂σ)). Then we defined L σ = HP (π(∂σ)) ⊗ A, with the restriction map to the boundary defined by sending a generator hp 
for h ∈ IH(π(∂σ)) and f ∈ A.
Proof. Define a conewise linear isomorphism
From Lemma 3.2 and the Künneth theorem we get a commutative diagram of A-module homomorphisms:
), but the Amodule structure is defined so that f ∈ A acts by multiplication with f • φ. The module L(π(∂σ)) φ is defined similarly. Note that the linear function x acts on (L(π(∂σ))
It follows that the free A-modules (L(π(∂σ)) ⊗ R[x]) φ ≃ IH(π(∂σ)) ⊗ A has minimal generators of the form h ⊗ 1, and these restrict to the boundary as stated.
For the action ofl note thatl = π * (l ∂σ ) − x. Hencel acts on IH(π(∂σ)) ⊗ A by multiplication with l ∂σ ⊗ 1 − 1 ⊗ x.
We choose a basis {p i } for IP (π(∂σ)), and extend this to the basis {l j ∂σ p i } of IH(π(∂σ)). Let L σ ⊂ (s * LΣ) σ be the free submodule generated by {p i ⊗ 1}, and K ⊂ (s * LΣ) σ the free submodule generated by
Since k ij restrict to zero on the boundary of σ, we can view K as a sheaf on Σ, supported on σ, so we have a splitting of sheaves of A-modules:
This shows thatl maps K to K. Moreover, the map induced on the quotient
is a Lefschetz operation centered at degree n by Lemma 2.4 and the induction assumption that l ∂σ defines a Lefschetz operation on IH(π(∂σ)) centered at degree n − 1.
Case 2.
Assume that V = Span(Link Σ (σ)) × Span σ, so that Link Σ (σ) is a complete fan in Span(Link Σ (σ)). By the Künneth theorem
Using the splitting (s * LΣ) σ ≃ L σ ⊕ K constructed in Case 1, we can write
Again, we can view L(Link Σ (σ)) ⊗ K as the set of global sections of a sheaf
, where π 1 and π 2 are the maps of fans induced by the two projections π 1 : V → Span(Link Σ (σ)) and π 2 : V → Span σ. Hence we have a splitting of sheaves
Let l σ ,l σ and l Link σ be such that on Star Σ (σ) we have
On the quotient of global sections we havê
Since l Link σ induces a Lefschetz operation on L(Link Σ (σ)) centered at degree n − dim σ by induction assumption, andl σ induces a Lefschetz operation on K centered at degree dim σ by Case 1, it follows from Lemma 2.3 thatl induces a Lefschetz operation on K ′ (Σ) centered at degree n. 
such that φ restricts to the identity map on σ. Then φ also defines a conewise linear isomorphism
where we denote by [σ] the cones ofΣ contained in σ.
Applying Lemma 3.2 we get isomorphisms of sheaves of A-modules
We wish to apply the construction of Case 2 to the subdivision t : π(Link Σ (σ)) × [σ] → π(Link Σ (σ)) × [σ] with l andl replaced by the functions l • φ andl • φ. We claim that l • φ andl • φ are strictly convex on the respective fans. This is clear for l • φ because l • φ = l at the locus where they are both defined. Denoting by π 1 , π 2 the two projections of V ′ × Span σ, we have thatl • φ = π * 1 (l • φ| V ′ ) + π * 2 (l| Span σ ). Since both functions pulled back are strictly convex, so isl • φ. Now from Case 2 we get a splitting
Using the isomorphisms above, this defines a splitting of A-modules
Then sincel • φ − l • φ maps L π(Link Σ (σ))×[σ] to K ′ , we have that multiplication withl − l maps L Σ to K ′′ . Similarly, multiplication withl maps K ′′ to K ′′ .
What remains to be proved is thatl induces a Lefschetz operation on K ′′ (Σ). This is equivalent to proving thatl 
where a linear function f ∈ I ′′ acts by multiplication with f Link(σ) ⊗ 1 + 1 ⊗ f for some f Link(σ) . Now it is clear that IH(Link Σ (σ)) ⊗ K/({f Link(σ) ⊗ 1 + 1 ⊗ f |f ∈ I ′ a linear function})
